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Abstract: We review recent results on the low-temperature behaviors of the Casimir-Polder and Casimir
free energy an entropy for a polarizable atom interacting with a graphene sheet and for two graphene
sheets, respectively. These results are discussed in the wide context of problems arising in the Lifshitz
theory of van der Waals and Casimir forces when it is applied to metallic and dielectric bodies. After
a brief treatment of different approaches to theoretical description of the electromagnetic response
of graphene, we concentrate on the derivation of response function in the framework of thermal
quantum field theory in the Matsubara formulation using the polarization tensor in (2+1)-dimensional
space-time. The asymptotic expressions for the Casimir-Polder and Casimir free energy and entropy at
low temperature, obtained with the polarization tensor, are presented for a pristine graphene as well
as for graphene sheets possessing some nonzero energy gap ∆ and chemical potential µ under different
relationships between the values of ∆ and µ. Along with reviewing the results obtained in the literature,
we present some new findings concerning the case µ 6= 0, ∆ = 0. The conclusion is made that the
Lifshitz theory of the Casimir and Casimir-Polder forces in graphene systems using the quantum field
theoretical description of a pristine graphene, as well as real graphene sheets with ∆ > 2µ or ∆ < 2µ, is
consistent with the requirements of thermodynamics. The case of graphene with ∆ = 2µ 6= 0 leads to an
entropic anomaly, but is argued to be physically unrealistic. The way to a resolution of thermodynamic
problems in the Lifshitz theory based on the results obtained for graphene is discussed.
Keywords: quantum field theory; Casimir free energy; Casimir-Polder free energy; polarization tensor;
entropy; thermal correction; Nernst heat theorem
1. Introduction
The attractive Casimir-Polder and Casimir forces act between an atom and an uncharged ideal metal
plane and between two parallel ideal metal planes, respectively, in vacuum at zero temperature. These
forces are entirely caused by the zero-point oscillations of quantized electromagnetic field and depend
on the Planck constant h¯, speed of light c, atom-plane or plane-plane separation a, and (in the case of the
Casimir-Polder force) on the static atomic polarizability αo ≡ α(0) [1,2]
FCP(a) = −3α08π
h¯c
a4
, FC(a) = − π
2
240
h¯c
a4
S, (1)
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where S is the plane area satisfying a condition a ≪ √S.
The Casimir-Polder and Casimir forces generalize the familiar van der Waals force for larger
separations between interacting bodies where the retardation of electromagnetic field becomes influential.
Because of this, the forces in (1) depend on c, whereas the van der Waals force depends on h¯, rather than
on c.
A unified theory of the van der Waals and Casimir forces between two plates made of metallic
or dielectric materials at any temperature was developed by Lifshitz [3–5]. In the framework of
the Lifshitz theory, the electromagnetic field is considered using the thermal quantum field theory in
the Matsubara formulation whereas the material properties are described classically by means of the
frequency-dependent dielectric permittivity. The van derWaals and Casimir forces are obtained from the
Lifshitz theory in the limiting cases of short and large separations, respectively. The Casimir-Polder
force follows from the general expression derived for two plates by rarefying the material of one of
them. At nonzero temperature both the zero-point and thermal fluctuations of the electromagnetic field
contribute to the Casimir force. It is important to remember, however, that the dielectric permittivities of
typical dielectric and metallic materials are usually found [6] using the Kubo formula or kinetic theory
under many assumptions with uncertain areas of application. This may be considered as a source of
potential problems when comparing the Lifshitz theory with other fundamental theories and with the
measurement data. In recent years, the Lifshitz theory was generalized for the bodies of arbitrary
geometrical shape using the method of functional determinants developed earlier in quantum field theory
[7–10]. The developed formalism allows computation of the Casimir force between two arbitrary bodies
if the reflection amplitudes on their surfaces are available. The latter in its turn depends on the material
properties.
Although the Lifshitz theory was successfully used for many years in a more or less qualitative
manner, a comparison with precise measurements of the Casimir interaction performed during the last
20 years revealed a problem. The measurement data of many experiments on measuring the Casimir
interaction between metallic test bodies at room temperature excluded the theoretical predictions if the
dissipation of free electrons was taken into account in computations (see [11–22] and reviews in [23–25]).
For dielectric test bodies, the theoretical predictions of the Lifshitz theory were excluded by the data if
computations weremade with account of the conductivity of dielectric materials at a constant current, i.e.,
the dc conductivity [26–29]. If, alternatively, computations have been performedwith omitted dissipation
of free electrons for metals and dc conductivity for dielectrics, the theoretical predictions were found
in good agreement with the measurement data [11–30]. If to take into account that the dissipation of
free electrons in metals and the dc conductivity in dielectrics are the actually observed and well studied
physical effects, the experimental situation described above can be considered as puzzling [31].
An agreement between the Lifshitz theory and some other fundamental physical knowledge is
also problematic. It turned out [32–38] that if the relaxation properties of free electrons in metals with
perfect crystal lattices are taken into account, the Casimir entropy calculated using the Lifshitz theory
does not vanish at zero temperature and depends on the parameters of a system, i.e., the third law of
thermodynamics (the Nernst heat theorem) is violated [39,40]. This unwanted conclusion can be avoided
if to take into account the residual relaxation at zero temperature [41–43], but for a perfect crystal lattice,
which is the basic model of condensed matter physics, the problem remains unresolved. In a similar
way, for dielectric materials the Casimir entropy violates the Nernst heat theorem if the dc conductivity
is taken into account in calculations using the Lifshitz theory [44–49]. For both metals and dielectrics, the
Nernst heat theorem is satisfied if the relaxation properties of free electrons for metals [32–38] and the dc
conductivity for dielectrics [44–49] are omitted in calculations which is again puzzling.
All the preceding places strong emphasis on graphene which is a two-dimensional monolayer of
carbon atoms possessing the hexagonal crystal structure [50]. It has been shown [50–52] that at energies
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below 1–2 eV graphene possesses the linear dispersion relation and is well described as a set of massless
or very light electronic quasiparticles. The respective field satisfies the Dirac equation where the speed
of light c is replaced with the Fermi velocity vF ≈ c/300. This was used to investigate many quantum
field theoretical effects arising in graphene interacting with external electromagnetic field like the Klein
paradox, particle creation from vacuum, the relativistic quantum Hall effect etc. [53–60]. There is also
an extensive literature on modeling the response functions of graphene to the electromagnetic field using
the Kubo formula, the transport theory, the two-dimensional Drudemodel, the hydrodynamic model etc.,
and application of the obtained results for calculation of the Casimir and Casimir-Polder forces [61–85].
A distinguishing feature of graphene is, however, that its exact response function can be found
on the basis of first principles of thermal quantum field theory by calculating the polarization
tensor in (2+1)-dimensional space-time. This can be done by using the methods of planar quantum
electrodynamics developed earlier [86–89]. Although several important results on the polarization
tensor have been obtained over many years [90–93], the exact expressions adapted for graphene at zero
temperature, as well as applications to calculation of the Casimir force were elaborated rather recently
[94]. The exact expressions for the polarization tensor of graphene with nonzero energy gap ∆ (i.e.,
accounting for a nonzero mass of quasiparticles) and chemical potential (i.e., admitting the presence of
some doping concentration) at nonzero temperature valid at all discrete Matsubara frequencies were
derived before long [95] and applied in computations of the Casimir and Casimir-Polder forces in
different graphene systems [95–105]. Another representation for the polarization tensor of graphene with
nonzero ∆ valid over the entire plane of complex frequencies, including the real frequency axis, was
found somewhat later [106]. This representation was generalized for the case of graphene with nonzero
µ [107]. The results of [106,107] have also been used in investigation of the Casimir effect [108–113],
electrical conductivity [114–117] and reflectivity [118–123] in graphene systems. The polarization tensor
for a strained graphene was also derived [124].
Taking into account that the electromagnetic response of graphene is found exactly from the first
principles of thermal quantum field theory, the question arises on whether the theoretical predictions
for the Casimir interaction in graphene systems are in agreement with the measurement data and with
the requirements of thermodynamics. The first part of this question was answered positively. The
measurement data of the experiment [125] were found in good agreement with theoretical predictions
of the Lifshitz theory [126] where the reflection coefficients were expressed via the polarization tensor of
graphene. To answer the second part of this question, one should investigate the analytic behavior of the
Casimir-Polder and Casimir free energy and entropy at arbitrarily low temperature for both the pristine
graphene and real graphene sheets characterized by some nonzero values of the energy gap and chemical
potential. This is a complicated problem when it is considered that the polarization tensor of graphene is
a nontrivial complex-valued expression of the frequency, wave vector, temperature, and, for the gapped
and doped graphene, of the parameters ∆ and µ.
Below we review the results for the analytic low-temperature behavior of both the Casimir-Polder
and Casimir free energy obtained in the literature. We also derive several new results for some specific
relationships between ∆ and µ which have not been investigated so far. By and large we show that the
Lifshitz theory of the Casimir-Polder and Casimir interaction in graphene systems using the polarization
tensor is consistent with the requirements of thermodynamics. It is also demonstrated that there is an
entropic anomaly in the case of graphene whose energy gap and chemical potential satisfy the exact
equality ∆ = 2µ. According to our argumentation, this case, however, does not meet any physical
situation. The results obtained for graphene are discussed in the context of the unresolved problems
arising in the Lifshitz theory for metallic and dielectric materials and point the possible way to their
resolution.
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The structure of the review is the following. In Section 2, we briefly present main expressions
obtained in the Lifshitz theory and its generalizations for the Casimir and Casimir-Polder free energy.
Section 3 summarizes the experimental and thermodynamic problems arising in the Lifshitz theory when
applied to metallic and dielectric materials. In Section 4, we list different approaches to theoretical
description of the electromagnetic response of graphene. The quantum field theoretical description of this
response by means of the polarization tensor is presented in Section 5. The low-temperature behaviors
of the Caimir-Polder free energy and entropy for an atom interacting with a pristine graphene and with
graphene sheet possessing nonzero ∆ and µ are contained in Sections 6 and 8, respectively. Sections 7
and 9 present similar results for the Casimir free energy and entropy in the configuration of two parallel
graphene sheets. In Section 10 the reader will find a discussion on how graphene may help to resolve
thermodynamic problems of the Lifshitz theory. Section 11 contains our conclusions.
2. The Lifshitz Theory of the Casimir and Casimir-Polder Forces and Its Generalizations
A unified theory of the van der Waals and Casimir forces was created by Lifshits [3] and then
elaborated in more detail [4,5]. In the original formulation [3–5], the free energy of two parallel material
semispaces at temperature T separated by the vacuum gap of width a in thermal equilibrium with the
environment was expressed as some functional of the frequency-dependent dielectric permittivities of
semispace materials. In more recent times, it was understood [127] that the Casimir free energy given
by the Lifshitz formula for both nonmagnetic and magnetic materials is nothing more nor less than the
functional of reflection coefficients of both propagating (on the mass shell) and evanescent (off the mass
shell) electromagnetic waves on the boundary surfaces. An explicit expression for the Casimir free energy
per unit area of the semispace outer boundary is given by [3–5,23–25]
FC(a, T) = kBT2π
∞
∑
l=0
′ ∫ ∞
0
k⊥dk⊥ ∑
λ
ln
[
1− r2λ(iξl , k⊥)e−2aql
]
. (2)
Here, kB is the Boltzmann constant, k⊥ is the magnitude of the wave vector projection on the planar
structure, ξl = 2πkBTl/h¯ with l = 0, 1, 2, . . . are the Matsubara frequencies, q2l = k
2
⊥ + ξ
2
l /c
2, the sum in
λ is over the two independent polarizations of the electromagnetic field, transverse magnetic (λ = TM)
and transverse electric (λ = TE), and the prime on the sum in l divides the term with l = 0 by two.
The reflection coefficients rλ coincide with the familiar amplitude Fresnel reflection coefficients
but are calculated at the pure imaginary Matsubara frequencies. They are expressed via the dielectric
permittivity ε(ω) and magnetic permeability µ(ω) of the semispace material in the following way:
rTM(iξl, k⊥) =
ε(iξl)ql − kl
ε(iξl)ql + kl
, rTE(iξl , k⊥) =
µ(iξl)ql − kl
µ(iξl)ql + kl
, (3)
where
k2l = k
2
⊥ + ε(iξl)µ(iξl)
ξ2l
c2
. (4)
It was also understood that the Lifshitz formula for two plates of finite thickness or for an arbitrary
number of planar material layers in place of each plate has also the form (2) if the reflection coefficients
(3) are replaced with with their generalizations. For instance, for the plates consisting of any number of
material layers the coefficients rλ are expressed via the Fresnel coefficients (3) by a more complicated
recursion formulas [128,129]. In all these cases, however, the reflection coefficients are eventually
expressed via the frequency-dependent dielectric permittivities of plate materials.
As mentioned in Section 1, by now the Lifshitz formula for the Casimir free energy is generalized for
the case of two compact bodies of arbitrary shape [7–10]. Specifically, for two parallel planar structures
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of sufficiently large area S separated by a distance a ≪ √S kept in thermal equilibrium at temperature
T, it is again given by (2) where the reflection coefficients depend on the physical nature of a planar
structure. These coefficients may have little in common with the Fresnel reflection coefficients (3) if the
planar structure is not at all characterized by the concept of a dielectric permittivity or is described by a
spatially nonlocal permittivity.
The Lifshitz formula for the Casimir-Polder free energy between an atom above a planar structure
can be obtained by considering the Casimir free energy of this planar structure interacting with a
semispace described by the frequency-dependent dielectric permittivity and Fresnel reflection coefficients
(3). For this purpose, the semispace matter should be rarified and its dielectric permittivity and reflection
coefficients expanded in powers of a small number of atoms per unit volume. Such a procedure was
first performed for the case of two semispaces [4,5] and resulted in the following formula for the
Casimir-Polder free energy:
FCP(a, T) = −kBT
∞
∑
l=0
′
α(iξl)
∫ ∞
0
k⊥dk⊥qle−2aql
[(
2− ξ
2
l
q2l c
2
)
rTM(iξl , k⊥)−
ξ2l
q2l c
2 rTE(iξl , k⊥)
]
, (5)
where α(ω) is the dynamic polarizability of an atom in its ground state and the reflection coefficients are
now not necessarily the Fresnel ones but associated with the planar structure. The alternative approaches
to a derivation of the Casimir-Polder free energy are based on the models of a harmonic oscillator [130]
and point dipoles interacting through the electromagnetic field [131].
3. Experimental and Thermodynamic Problems of the Lifshitz Theory
Experiments onmeasuring the Casimir force are usually performed in the sphere-plate configuration.
As an illustration of disagreement between the measurement data and theoretical predictions of the
Lifshitz theory, mentioned in Section 1, we present two examples from the experiments using metallic
test bodies.
The Casimir force acting between a sphere of radius R and a plate, both coated with metallic films,
can be calculated in the proximity force approximation [24] as
F
sp
C (a, T) = 2πRFC(a, T), (6)
where the Casimir free energy for two parallel plates is defined in (2). Note that at a ≪ R the exact
expression for F spC , obtained using generalizations of the Lifshitz theory, deviate from (6) by only a
fraction of a percent [132–136].
In Figure 1, we present typical results from the most recent experiment [22], where the gradient
F
sp
C
′
of the force (6) was measured between the Au-coated test bodies. In this figure, the experimental
data with their errors are shown as crosses. The bottom line shows the predictions of the Lifshitz theory
obtained by using the seemingly most reliable dielectric permittivity of Au. Its behavior at relatively
high frequency is found from the available optical data for the complex index of refraction of Au which is
extrapolated to lower frequencies by the well tested Drude model taking into account the dissipation of
free electrons. The behavior of ε along the imaginary frequency axis is obtained using the Kramers-Kronig
relation (see in [23,24] for more details). The top line in Figure 1 shows the predictions of the Lifshitz
theory obtained if the dielectric permittivity of Au given by the optical data is extrapolated to lower
frequencies by the plasma model which completely disregards the relaxation properties of free electrons.
From Figure 1 it is clearly seen that the top line is in a good agreement with the measurement data,
whereas the bottom line is excluded by them. This result is puzzling because the plasma model is in fact
applicable only at high frequencies in the region of infrared optics, where the dissipation of free electrons
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Figure 1. The mean measured gradients of the Casimir force between an Au-coated sphere and an
Au-coated plate are shown by crosses as a function of separations. For clarity only each third experimental
data point is plotted. The bottom and top lines demonstrate theoretical predictions of the Lifshitz theory
obtained with inclusion and neglect of the relaxation of conduction electrons, respectively.
does not play any role. So, in our case it was used outside of its validity region. All sets of data in the
experiment [22] excluded the Lifshitz theory taking the dissipation of free electrons into account over the
separation range from 250 nm to 1.1 µm.
One more representative example on the disagreement of a literally understood Lifshitz theory with
the measurement data is shown in Figure 2. Here, the gradient of the Casimir force between a sphere and
a plate coated with the films of a magnetic metal Ni was measured [17,18]. The theoretical predictions
obtained with included dissipation of free electrons (i.e., using the Drude model at low frequencies) are
shown by the top line, whereas the predictions found with this dissipation omitted (i.e., using the plasma
model at low frequencies) are shown by the bottom line. We emphasize that for magnetic metals these
lines exchange their places as compared to the nonmagnetic ones in Figure 1. As is seen in Figure 2, the
290 300 310 320 330 340 350
25
30
35
40
45
50
a (nm)
F
s
p
C
′ (
µ
N
/m
)
Figure 2. The mean measured gradients of the Casimir force between a Ni-coated sphere and a Ni-coated
plate are shown by crosses as a function of separations. The top and bottom lines demonstrate theoretical
predictions of the Lifshitz theory obtained with inclusion and neglect of the relaxation of conduction
electrons, respectively.
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theoretical predictions with taken into account dissipation of free electrons are excluded by the data. At
the same time, the predictions of the Lifshitz theory disregarding this dissipation are in a good agreement
with the data. We recall that similar results have been obtained in a number of experiments for metallic
[11–22] and dielectric [26–30] test bodies with up to a factor of 1000 differences between two alternative
theoretical predictions in the experiment [19] using the differential force measurement scheme [137–139].
Nowwe briefly discuss the thermodynamic problems faced by the Lifshitz theory. From Equation (2)
one can easily find the Casimir entropy per unit area of the plates defined as
SC(a, T) = −∂FC(a, T)∂T . (7)
For two semispaces made of a nonmagnetic metal with perfect crystal lattices it was proven that the
Casimir entropy at zero temperature calculated using the Drude model with account of dissipation of
free electrons takes the following value [32–34]:
SC(a, 0) = − kBζ(3)16πa2
[
1− 4 c
aωp
+ 12
(
c
aωp
)2
− . . .
]
< 0, (8)
where ζ(z) is the Riemann zeta function and ωp is the plasma frequency.
It is seen that this value depends on the parameters of a system, such as a and ωp, and, thus, the
third law of thermodynamics (the Nernst heat theorem) is violated in this case [39,40]. If, however, the
dielectric permittivity of the plasma model is used, which disregards the dissipation of free electrons, one
obtains [32–34]
SC(a, 0) = 0, (9)
i.e., the Nernst heat theorem is satisfied. Similar results hold for other Casimir configurations containing
metallic test bodies made of both nonmagnetic and magnetic metals [35–37].
For dielectric semispaces the Casimir entropy at zero temperature calculatedwith taken into account
conductivity at a constant current has the form [44–47]
SC(a, T) =
kB
16πa2
{
ζ(3)− Li3
[(
ε(0)− 1
ε(0) + 1
)2]}
> 0, (10)
where Lin(z) is the polylogarithm function and ε(0) is the static value of the dielectric permittivity. The
right-hand side of this equation again depends on the parameters of a system which means a violation of
the Nernst heat theorem. If, however, the dc conductivity is omitted in calculation, one obtains the zero
value (9) of the Casimir entropy at zero temperature, i.e., the Nernst heat theorem is satisfied.
For the Casimir-Polder entropy, defined as
SCP(a, T) = −∂FCP(a, T)∂T , (11)
where FCP is given in Equation (5), the situation is somewhat different. The point is that both
contradictions of the Lifshitz theory with the measurement data and thermodynamics for metallic test
bodies are caused by the TE contribution to the Matsubara terms with l = 0 in Equation (2). In the
Casimir-Polder free energy (5), however, the reflection coefficient rTE(0, k⊥) enters with a factor ξ20 = 0
and, thus, does not contribute to the result. That is why the Lifshitz theory of the Casimir-Polder
interaction of a polarizable atom with a metallic plate is in agreement with thermodynamics even if the
low-frequency electromagnetic response of a metal is described by the Drude model.
Universe 2019, xx, 5 8 of 34
A different situation arises for an atom interacting with a dielectric plate. In this case the
Casimir-Polder entropy at zero temperature calculated with taken into account conductivity of a plate
material at a constant current (dc conductivity) is given by [45,48]
SCP(a, 0) =
kB
4a3
α(0)
ε(0)− 1
ε(0) + 1
, (12)
where α(0) is the static atomic polarizability. Thus, the Nernst heat theorem is violated. Later this result
was generalized for a magnetizable atom and a ferromagnetic dielectric plate [49]. If, however, the dc
conductivity of a plate material is omitted in calculations, one obtains in place of (12)
SCP(a, 0) = 0, (13)
i.e., the Nernst heat theorem is satisfied [45,48,49]. We emphasize that in the single precise experiment
on measuring the Casimir-Polder force at separations of a few micrometers [30], where the difference
between alternative theoretical predictions of the Lifshitz theory is relatively large, the measurement
data were found in agreement with theory disregarding the dc conductivity [30] and exclude the theory
taking the dc conductivity into account [27]. This situation again presents a puzzle or, as it is also called,
a conundrum [113] because the dc conductivity of dielectrics at nonzero temperature is an observable
and well studied physical effect, so that there is no reason why one should omit it when comparing
experiment with theory.
In the end of this section, we note that the violation of the Nernst heat theorem and the disagreement
between the measured Casimir and Casimir-Polder forces and predictions of the Lifshitz theory with
included dc conductivity of a dielectric plate are again caused by the term with l = 0 in Equations (2)
and (5). Here, however, this happens due to the TM contribution to Equations (2) and (5) as opposed to
the case of Casimir interaction between two metallic plates where similar effects are caused by the TE
contribution to Equation (2).
4. Different Approaches to Theoretical Description of the Electromagnetic Response of Graphene
As was explained in Section 2, the Casimir interaction between two planar structures, as well as
between an atom and a planar structure, can be described by Equations (2) and (5), respectively, if the
reflection coefficients on a planar structure are defined appropriately. Thus, Equations (2) and (5) are
applicable for theoretical description of the Casimir interaction between two graphene sheets, as well
as of the Casimir-Polder interaction between an atom and a graphene sheet. This raises a question
of what is the form of the reflection coefficients on a graphene sheet. The point is that the standard
Fresnel coefficients (3) or their generalizations for the plates of finite thickness [24] are expressed via the
frequency-dependent dielectric permittivity which is well defined only for volumetric bodies containing
sufficiently large number of atomic layers. This condition is not satisfied for graphene which is a
one-atom thick layer of carbon atoms [50–52].
As a first approximation, graphene was treated as a two-dimensional free-electron gas characterized
by some typical wave number K = 6.75× 105 m−1 which is determined by the hexagonal structure of
graphite [68,69]. The reflection coefficients of the electromagnetic waves on such a sheet take the form
[68,69,140]
rTM(iξl, k⊥) =
c2qlK
c2qlK + ξ
2
l
, rTE(iξl , k⊥) = − KK + ql
. (14)
Equations (2) and (5) with the reflection coefficients (14) were used to calculate the Casimir and
Casimir-Polder interactions in various carbon nanostructures [66,68–71,140,141]. It should be taken into
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account, however, that the plasma-sheet approach, which is also often called "the hydrodynamic model",
fails to account for a linearity of the dispersion relation for graphene. Finally, it was demonstrated
that the theoretical predictions of this approach are in contradiction [142] with the experimental data
on measuring the Casimir force in graphene systems [125].
In the widely used approach, the reflection coefficients on a graphene sheet are expressed via the
longitudinal, χ‖(iξl , k⊥), and transverse, χ⊥(iξl , k⊥), density-density correlation functions of graphene
[83,143,144]
rTM(iξl, k⊥) =
2πe2qlχ‖(iξl, k⊥)
2πe2qlχ‖(iξl , k⊥)− k2⊥
, rTE(iξl , k⊥) = −
2πe2ξ2l χ
⊥(iξl , k⊥)
2πe2ξ2l χ
⊥(iξl , k⊥)− c2k2⊥ql
. (15)
The density-density correlation functions are connected with the nonlocal electric susceptibilities
(polarizabilities) of graphene by χ‖,⊥ = −k⊥α‖,⊥/(2πe2). The density-density correlation functions
have been used in computations of the Casimir force [64,77,80,81,83]. It should be noted, however, that
although the formulas (15) are exact, the exact expressions for the correlation functions χ‖,⊥ at nonzero
temperature remain unknown with exception of only some particular cases.
In a similar way, the reflection coefficients on a graphene sheet were expressed via the in-plane,
σ‖(iξl, k⊥), and out-of-plane, σ⊥(iξl , k⊥), electrical conductivities of graphene [80,83]
rTM(iξl , k⊥) =
2πqlσ‖(iξl , k⊥)
2πqlσ‖(iξl , k⊥) + ξl
, rTE(iξl , k⊥) = − 2πξlσ
⊥(iξl , k⊥)
2πξlσ⊥(iξl, k⊥) + c2ql
. (16)
These expressipons are also exact because the conductivities are expressed via the density-density
correlation functions as σ‖,⊥ = −e2ξlχ‖,⊥/k⊥2 [83]. In doing so, the exact expressions for the
conductivities of graphene at nonzero temperature also remained unknown. Thus, the Casimir force
between two graphene sheets was computed under an assumption that the graphene conductivity can
be modeled by the in-plane optical conductivity of graphite with no account [78] or with account [82]
of spatial dispersion. This modeling includes the two-dimensional Drude term and a series of Lorentz
oscillators.
By and large several approximate methods for calculation of the Casimir interaction have been
elaborated but their accuracy and the region of applicability remained uncertain.
5. Quantum Field Theoretical Description of the Electromagnetic Response of Graphene via the
Polarization Tensor
As mentioned in Section 1, the field of massless or having some small mass m electronic excitations
in graphene satisfy the three-dimensional Dirac equation where the speed of light c is replaced with the
Fermi velocity vF. For graphene possessing the chemical potential µ this equation takes the form [95,145][
γ0
vF
(
ih¯
∂
∂t
− µ
)
+ ih¯
(
γ1
∂
∂x1
+ γ2
∂
∂x2
)
−mvF
]
ψ(x) = 0, (17)
where the Dirac matrices satisfy the conditions (γ0)2 = −(γ1,2)2 = 1.
Multiplying this equation by the dimensionless Fermi velocity v˜F = vF/c ≈ 1/300, we can rewrite
it in the form [
γ˜0
c
(
ih¯
∂
∂t
− µ
)
+ ih¯
(
γ˜1
∂
∂x1
+ γ˜2
∂
∂x2
)
−mcv˜2F
]
ψ(x) = 0, (18)
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where γ˜0 = γ0 and γ˜1,2 = v˜Fγ1,2. Note that 2mv2F = ∆, where ∆ is the energy gap, so that mcv˜
2
F = ∆/(2c).
Then, an interaction with the electromagnetic field Aβ(x) is introduced by the replacement
ih¯
∂
∂xβ
→ ih¯ ∂
∂xβ
− e
c
Aβ(x), (19)
where xβ = (ct, x1, x2). As a result, the Dirac equation (18) is given by
[
γ˜0
(
ih¯
∂
∂t
− eA0 − µ
)
+ γ˜1
(
ih¯c
∂
∂x1
− eA1
)
+ γ˜2
(
ih¯c
∂
∂x2
− eA2
)
− ∆
2
]
ψ(x) = 0. (20)
In the one-loop approximation, an interaction of the graphene quasiparticles with the
electromagnetic field is described by the diagram consisting of an electronic quasiparticle loop with two
photon legs. At zero temperature this corresponds to the following expression for the polarization tensor
[95,146]
Πβδ(k0, k⊥) = i
e2
c
∫
dq0 d
2q⊥
(2π)3
tr
[
S(q0, q⊥)γ˜βS(q0 − k0, q⊥ − k⊥)γ˜δ
]
, (21)
where (q0, q⊥) and (k0, k⊥) are the three-dimensional wave vectors of a loop electronic excitation and an
external photon, respectively, and the propagator of the quasiparticles takes the form [95]
S(q0, q⊥) = − γ˜
0[q0 + µ/(h¯c)]− γ˜1q1 − γ˜2q2 − ∆/(2h¯c)
[q0 + µ/(h¯c) + i ǫ signq0]2 − v˜2Fq2⊥ − ∆2/(4h¯2c2)
. (22)
For taking into account nonzero temperature in the framework of the Matsubara formalism, one
should replace an integration with respect to q0 in (21) with a summation over the pure imaginary
fermionic Matsubara frequencies given by
cq0n = 2πi
(
n +
1
2
)
kBT
h¯
, (23)
where n = ±1, ±2, . . . . One should also put k0l = iξl/c, where ξl are the bosonic Matsubara frequencies.
Taking into account that there are four fermionic species for graphene, the polarization tensor (21) is
expressed as
Πβδ(k0l, k⊥) = −8παkBT
∞
∑
n=−∞
(
n +
1
2
) ∫
d2q⊥
(2π)2
tr
[
S(q0n, q⊥)γ˜βS(q0n − k0l , q⊥ − k⊥)γ˜δ
]
. (24)
Explicit expressions for this tensor which can be analytically continued over the entire plane of
complex frequencies were found in [106,107]. They are the functions of the Matsubara frequencies,
magnitude of the photon wave vector, temperature, energy gap and chemical potential. In fact the
polarization tensor in a medium is completely defined by the two independent quantities, e.g., Π00 and
Π
β
β [95]. For our purposes, instead of a trace, it is more convenient to exploit
Π(iξl , k⊥) ≡ k2⊥Π ββ (iξl , k⊥)− q2l Π00(iξl, k⊥) (25)
as the second quantity. Below we use the abbreviate notations
Π00(iξl , k⊥) ≡ Π00,l, Π(iξl , k⊥) ≡ Πl , (26)
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and write out all or some of the arguments iξl , k⊥, T,∆, and µwhere it is helpful for better understanding.
We present the explicit expressions for the following two contributions to Π00,l and Πl :
Π00(iξl, k⊥, T,∆, µ) = Π
(0)
00 (iξl , k⊥,∆) + Π
(1)
00 (iξl , k⊥, T,∆, µ),
Π(iξl , k⊥, T,∆, µ) = Π(0)(iξl , k⊥,∆) + Π(1)(iξl, k⊥, T,∆, µ). (27)
Here, the quantities Π(0)00 and Π
(0) describe the undoped graphene with µ = 0 but, generally speaking,
∆ 6= 0 at zero temperature. They are given by [94]
Π
(0)
00,l =
αh¯ck2⊥
pl
Ψ(Dl), Π
(0)
l = αh¯k
2
⊥
pl
c
Ψ(Dl), (28)
where p2l = v
2
Fk
2
⊥ + ξ
2
l , Dl = ∆/(h¯pl) and
Ψ(x) = 2
[
x + (1− x2) arctan(x−1)
]
. (29)
The quantities Π(1)00 and Π
(1) in (27) describe both the thermal effect and the dependence on µ. They
can be presented in the form [106,107,111]
Π
(1)
00,l =
4αh¯cpl
v2F
∫ ∞
Dl
du
(
1
e
Bl u+
µ
kBT + 1
+
1
e
Bl u− µkBT + 1
)
×

1− Re
1− u2 + 2i ξlpl u(
1− u2 + 2i ξlpl u +
v2Fk
2
⊥
p2l
D2l
)1/2

 ,
Π
(1)
l = −
4αh¯plξ2l
cv2F
∫ ∞
Dl
du
(
1
e
Bl u+
µ
kBT + 1
+
1
e
Bl u− µkBT + 1
)
×

1− Re
1− p2l
ξ2l
u2 + 2i plξl u +
v2Fk
2
⊥
ξ2l
D2l(
1− u2 + 2i ξlpl u +
v2Fk
2
⊥
p2l
D2l
)1/2

 , (30)
where Bl = h¯pl/(2kBT).
In order to investigate one specific case, which was not considered in the literature so far, we also
need the expressions for Π00,l and Πl at T = 0 calculated under the condition ∆ < 2µ. Theywere obtained
in [111] by using Equations (27)–(29) and (30) taken at T = 0. The result is
Π00(iξl , k⊥, 0,∆, µ) =
8αcµ
v2F
− αch¯k
2
⊥
pl
{
2MlIm(yl
√
1+ y2l )
+(2− Ml)
[
2Im ln(yl +
√
1+ y2l )− π
]}
,
Π(iξl , k⊥, 0,∆, µ) = −
8αξ2l µ
cv2F
+
αh¯plk
2
⊥
c
{
2MlIm(yl
√
1+ y2l )
−(2− Ml)
[
2Im ln(yl +
√
1+ y2l )− π
]}
, (31)
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where the following notations are introduced
Ml = 1+ D
2
l , yl ≡ yl(∆, µ) =
h¯ξl + 2iµ
h¯vFk⊥
√
Ml
. (32)
The reflection coefficients on a graphene sheet can be expressed in terms of the polarization tensor
given by Equations (27)–(30) [95]
rTM(iξl , k⊥) =
qlΠ00(iξl , k⊥)
qlΠ00(iξl , k⊥) + 2h¯k2⊥
, rTE(iξl , k⊥) = −
Π(iξl , k⊥)
Π(iξl , k⊥) + 2h¯k2⊥ql
. (33)
Taking into account a connection between the polarization tensor and density-density correlation
functions [105]
χ‖(iξl , k⊥) = −
1
4πe2 h¯
Π00(iξl , k⊥), χ⊥(iξl , k⊥) = −
c2
4πe2 h¯ξ2l
Π(iξl , k⊥), (34)
the reflection coefficients (33) become equivalent to (15). Thus, calculation of explicit expressions (27)–(30)
for the polarization tensor of graphene at any T and with any values of ∆ and µ on the basis of first
principles of thermal quantum field theory resulted in respective expressions for the density-density
correlation functions which were previously available only in some specific cases.
Equations (27)–(30) have been used in calculations of the Casimir interaction in graphene systems
[108–113]. After an analytic continuation to the real frequency axis, they were also applied for
investigation of the electrical conductivity [114–117] and reflectances of graphene [118–123]. This allows
to compare the longitudinal and transverse dielectric permittivities of graphene ε‖,⊥, which are directly
expressed via the respective conductivities σ‖,⊥, with the dielectric permittivity of the Drude model εD.
As shown in [116], for h¯ω < ∆ it holds Re σ‖,⊥ = 0. This results in Im ε‖,⊥ = 0 unlike the Drude model
for which Im εD ∼ 1/ω when ω goes to zero, but similar to the plasma model for which Im εp = 0. The
imaginary part of σ‖,⊥ for graphene is contained in equation (47) of [116]. In the asymptotic limit ω → 0,
for both cases ∆ > 2µ and ∆ < 2µ it was shown that Im σ‖,⊥ ∼ 1/ω (see equations (50) and (54) in [116])
which results in Re ε‖,⊥ ∼ −1/ω2. This is again unlike the Drude model for which Re εD takes a finite
value at ω = 0, but in direct analogy to the plasma model which does not take into account the relaxation
properties of free electrons (see Section 3). Thus, the dielectric properties of graphene, expressed via
the polarization tensor, provide reason enough to guess that the Casimir entropy calculated using the
reflection coefficients (33) satisfies the Nernst heat theorem like it holds for the reflection coefficients (3)
and the dielectric permittivity of the plasma model.
Below we discuss an application of the polarization tensor for a treatment of thermodynamic
properties of the Casimir-Polder and Casimir interactions in graphene systems and make sure that this
guess is correct.
6. Low-Temperature Behavior of the Casimir-Polder Free Energy and Entropy for an Atom and a
Pristine Graphene Sheet
The asymptotic behavior of the free energy for an atom interacting with a sheet of ideal graphene
possessing ∆ = µ = 0 at low T was investigated using the formalism of the polarization tensor [147].
The Casimir-Polder free energy was expressed according to (5) and the reflection coefficients presented
in (33). In this case, the polarization tensor was significantly simplified by putting ∆ = µ = 0 in
Equations (27)–(32).
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The main idea of the perturbation approach used in [147] is to present the polarization tensor as a
sum of two contributions (27), where for a pristine graphene with ∆ = µ = 0 the quantities Π(1)00,l and Π
(1)
l
have the meaning of the thermal corrections, and tomake an expansion in powers of the small parameters
Π
(1)
00,l
Π
(0)
00,l
≪ 1, Π
(1)
l
Π
(0)
l
≪ 1. (35)
The smallness of these parameters is guaranteed by the fact that their numerators go to zero with
vanishing temperature, whereas denominators are equal to the nonvanishing quantities Π00(iξl , k⊥, 0)
and Π(iξl , k⊥, 0) in the case of a pristine graphene.
As a result, the reflection coefficients (33) are presented as a sum of the contributions at zero
temperature and the thermal corrections to them
rTM,TE(iξl, k⊥) = r
(0)
TM,TE(iξl , k⊥) + δTrTM,TE(iξl, k⊥). (36)
Here, the first contributions on the right-hand side are given by (33) where, instead Π00,l and Πl , we
substitute Π(0)00,l and Π
(0)
l defined in (28) but with ∆ = 0:
r
(0)
TM(iξl , k⊥) =
απcql
απcql + 2pl
, r(0)TE (iξl , k⊥) = −
απpl
απpl + 2cql
. (37)
The second contributions to (36) are expressed as
δTrTM(iξl , k⊥) =
2απcql pl
(απcql + 2pl)2
Π
(1)
00,l
Π
(0)
00,l
, δTrTE(iξl, k⊥) = −
2απcql pl
(απpl + 2cql)2
Π
(1)
l
Π
(0)
l
, (38)
where Π(1)00,l and Π
(1)
l are defined by (30) with ∆ = µ = 0.
Now we note that the temperature-dependent part of the Casimir-Polder free energy can be
presented as
δTFCP(a, T) = FCP(a, T)− ECP(a), (39)
where FCP is presented in (5) and the Casimir-Polder energy at T = 0 is given by
ECP(a) = − h¯2π
∫ ∞
0
dξα(iξ)
∫ ∞
0
k⊥dk⊥qe−2aq
[(
2− ξ
2
q2c2
)
r
(0)
TM(iξ, k⊥)−
ξ2
q2c2
r
(0)
TE (iξ, k⊥)
]
, (40)
where q2 = k2⊥ + ξ
2/c2.
Substituting Equation (36) in the Casimir-Polder free energy (5), the thermal correction to the
Casimir-Polder energy ECP can be identically presented as
δTFCP(a, T) = δimplT FCP(a, T) + δ
expl
T FCP(a, T), (41)
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where the contributions to the right-hand side of this equation are defined as
δ
impl
T FCP(a, T) = −kBT
∞
∑
l=0
′
α(iξl)
∫ ∞
0
k⊥dk⊥qle−2aql
×
[(
2− ξ
2
l
q2l c
2
)
r
(0)
TM(iξl , k⊥)−
ξ2l
q2l c
2
r
(0)
TE (iξl , k⊥)
]
− ECP(a) (42)
and
δ
expl
T FCP(a, T) = −kBT
∞
∑
l=0
′
α(iξl)
∫ ∞
0
k⊥dk⊥qle−2aql
×
[(
2− ξ
2
l
q2l c
2
)
δTrTM(iξl , k⊥)−
ξ2l
q2l c
2
δTrTE(iξl , k⊥)
]
. (43)
Here, δimplT FCP contains the reflection coefficients at T = 0, so that its dependence on T originates
from only the Matsubara summation. This is the reason why it is called "implicit". The contribution
δ
expl
T FCP would be equal to zero for the reflection coefficients independent on T as a parameter. Because
of this it called "explicit".
It is convenient also to split δexplT FCP in two parts
δ
expl
T FCP(a, T) = δ
expl
T, l=0FCP(a, T) + δ
expl
T, l>1FCP(a, T), (44)
where the first part is equal to the term of (43) with l = 0 and the second part is equal to the sum of all
remaining terms with l > 1.
As is seen from Equations (40) and (42), the implicit thermal correction δimplT FCP is represented by
a difference between the sum and the integral which can be calculated by using the Abel-Plana formula
[24,148]
∞
∑
l=0
′
F(l)−
∫ ∞
0
F(t)dt = i
∫ ∞
0
F(it)− F(−it)
e2πt − 1 dt, (45)
which is valid for a function F(z) analytic in the right half-plane.
Using this approach, it was shown that at sufficiently low temperature satisfying the condition
kBT ≪ h¯vF/(2a) the implicit thermal correction decreases with temperature as (see [147] for details)
δ
impl
T FCP(a, T) ∼ −
α0(kBT)
4
(h¯c)3
, (46)
where α0 = α(0) is the static atomic polarizability. Here and below we preserve only dimensional
parameters in the asymptotic formulas. This behavior is determined by the TM contribution to the
Casimir-Polder free energy. The result (46) is similar to that for an atom interacting with a dielectric
plate [24,45].
Now we deal with the first part of the explicit thermal correction, δexplT, l=0FCP, given by the term with
l = 0 in (43). It is determined by only the TM mode because ξ0 = 0. In this case the derivation of the
asymptotic expression at low T results in [147]
δ
expl
T, l=0FCP(a, T) ∼
α0(kBT)
4
(h¯c)3
ln
akBT
h¯vF
. (47)
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One can see that (47) becomes greater in magnitude that the magnitude of (46) with decreasing T.
The last contribution to the thermal correction is the second part of (44), δexplT, l>1FCP, which is equal to
the sum of all terms of (43) with l > 1. The asymptotic behavior of this part at low T can be found taking
into account that the major contribution to the integral with respect to k⊥ in (43) is given by k⊥ satisfying
the condition ql ∼ 1/(2a). Then at sufficiently low temperature kBT ≪ h¯vF/(2a), one arrives at [147]
δ
expl
T, l>1FCP(a, T) ∼ −
α0(kBT)
3
v2Fh¯
2a
. (48)
This goes to zero slower than (46) and (47) and is again determined by the TM reflection coefficient.
One can conclude that for an atom interacting with a pristine graphene sheet the thermal correction
(39) to the Casimir-Polder energy behaves at low temperature as
δTFCP(a, T) ∼ δexplT, l>1FCP(a, T) ∼ −
α0(kBT)
3
v2Fh¯
2a
. (49)
The resulting Casimir-Polder entropy vanishes with vanishing temperature by the power law
SCP(a, T) ∼ α0kB(kBT)
2
v2Fh¯
2a
. (50)
This means that the Lifshitz theory of atom-graphene interaction using the reflection coefficients
expressed via the polarization tensor satisfies the requirements of thermodynamics for a pristine
graphene.
The asymptotic results (49) and (50) obtained for a pristine graphene are presented in column 2 of
Table 1 (lines 2 and 3, respectively).
Table 1. Up to an order of magnitude asymptotic behaviors at arbitrarily low temperature of the thermal
corrections to the Casimir-Polder energy (line 2) and of the Casimir-Polder entropy (line 3) under different
relationships between the energy gap ∆ and chemical potential µ (line 1).
∆ = µ = 0 ∆ > 2µ > 0 ∆ = 2µ 6= 0 0 6 ∆ < 2µ
δTFCP(a, T) − α0(kBT)
3
v2F h¯
2a
− α0(kBT)5
(h¯c)3∆
− α0kBT
a3
− α0µ2(kBT)2
(h¯c)2a
√
4µ2−∆2
SCP(a, T)
α0kB(kBT)
2
v2Fh¯
2a
α0kB(kBT)
4
(h¯c)3∆
α0kB
a3
α0µ
2k2BT
(h¯c)2a
√
4µ2−∆2
7. Low-Temperature Behavior of the Casimir Free Energy and Entropy for Two Pristine Graphene
Sheets
Two parallel graphene sheets separated by some distance a most closely resemble the original
Casimir configuration of two ideal metal planes [1]. An investigation of the thermodynamic properties
of the Casimir interaction between two graphene sheets is a more complicated problem than for an
atom interacting with graphene because the Lifshitz formula (2) is a nonlinear function of the reflection
coefficients in contrast to the Lifshitz formula (5) describing the Casimir-Polder interaction. Nevertheless,
this problem has been solved [149] following the same approach as presented in Section 6 for an atom
interacting with a pristine graphene sheet. Below we briefly summarize the obtained results.
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Similar to Equation (39), we define the thermal correction to the Casimir energy EC(a) per unit area
of two graphene sheets at zero temperature
δTFC(a, T) = FC(a, T)− EC(a), (51)
where the Casimir free energy FC is defined in (2) and EC is given by
EC(a) =
h¯
4π2
∫ ∞
0
dξ
∫ ∞
0
k⊥dk⊥∑
λ
ln
[
1− r(0)λ
2
(iξ, k⊥)e−2aq
]
. (52)
Here, the reflection coefficients at T = 0, r(0)λ , are presented in (37).
By adding and subtracting from (51) the quantity having the same form as the Casimir free energy
(2), but containing the zero-temperature reflection coefficients r(0)λ in place of rλ, one rearrange (51) to the
following equivalent form:
δTFC(a, T) = δimplT FC(a, T) + δ
expl
T FC(a, T), (53)
where
δ
impl
T FC(a, T) =
kBT
2π
∞
∑
l=0
′ ∫ ∞
0
k⊥dk⊥ ∑
λ
ln
[
1− r(0)λ
2
(iξl , k⊥)e−2aql
]
− EC(a). (54)
and
δ
expl
T FC(a, T) = FC(a, T)−
kBT
2π
∞
∑
l=0
′ ∫ ∞
0
k⊥dk⊥∑
λ
ln
[
1− r(0)λ
2
(iξl, k⊥)e−2aql
]
. (55)
In doing so, one obtains for two graphene sheets the same separation of the thermal correction in
two contributions as was obtained in (41) for the Casimir-Polder interaction. According to (54), the
implicit contribution δimplT F depends on temperature only through the Matsubara summation, whereas
the contribution δexplT F , defined in (55), vanishes if there is no explicit dependence of the reflection
coefficients on temperature as a parameter.
The implicit contribution (54) to the thermal correction is defined as a difference between the sum
and the integral and can be calculated using the Abel-Plana formula (45) similar to the case of the
Casimir-Polder interaction considered in Section 6. Calculations were performed under the condition
kBT ≪ h¯vF/(2a) and taking into account that the major contribution to the integral (45) is given by
t ∼ 1/(2π). According to the obtained results (see [149] for details),
δ
impl
T FC(a, T) ∼ −
(kBT)
3
(h¯vF)2
. (56)
This low-temperature behavior is determined by the TM contribution to Equation (54). Note that the TE
contribution is of the same form as (56) and has an opposite sign, but is much smaller than the magnitude
of (56).
In order to find the low-temperature behavior of the explicit thermal correction, we substitute (36)
in (55) and use the following evident identity:
ln
{
1−
[
r
(0)
λ (iξl, k⊥) + δTrλ(iξl , k⊥)
]2
e−2aql
}
− ln
[
1− r(0)λ
2
(iξl , k⊥)e−2aql
]
= ln

1− 2r
(0)
λ (iξl, k⊥)δTrλ(iξl , k⊥) + [δTrλ(iξl , k⊥)]
2
1− r(0)λ
2
(iξl , k⊥)e−2aql
e−2aql

 . (57)
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Taking into account that δTrλ goes to zero with vanishing T, one can expand the logarithm in (57) up to
the first order in this small quantity. Then, at sufficiently low temperature, Equation (55) can be rewritten
as
δ
expl
T FC(a, T) = −
kBT
π
∞
∑
l=0
′ ∫ ∞
0
k⊥dk⊥e−2aql ∑
λ
r
(0)
λ (iξl , k⊥)δTrλ(iξl , k⊥)
1− r(0)λ
2
(iξl, k⊥)e−2aql
. (58)
The reflection coefficients r(0)λ at T = 0 entering this equation are defined in (37) and the thermal
corrections to them in (38). Note that, similar to (44), the explicit thermal correction is conveniently
presented as
δ
expl
T FC(a, T) = δ
expl
T, l=0FC(a, T) + δ
expl
T, l>1FC(a, T), (59)
where δexplT, l=0FC is equal to the term of (58) with l = 0 and δ
expl
T, l>1FC — to the sum of all terms in (58) with
l > 1.
A derivation of the asymptotic behavior of both δexplT, l=0FC and δ
expl
T, l>1FC at arbitrarily low
temperature was performed in [149]. Here we present only the main results. Thus, under the condition
kBT ≪ h¯vF/(2a) one finds
δ
expl
T, l=0FC(a, T) ∼ −
(kBT)
3
(h¯vF)2
, (60)
i.e., the same behavior as in (56), which is determined by the TM contribution to (58). The TE contribution
is again positive and much smaller than the magnitude of (60).
For the sum of all Matsubara terms with l > 1 in (58), similar analytic derivation results in the
following behavior at arbitrarily low temperature (see [149] for details):
δ
expl
T, l>1FC(a, T) ∼
(kBT)
3
(h¯c)2
ln
akBT
h¯c
. (61)
This up to an order of magnitude estimation is valid for both the TM and TE contributions. However, the
numerical coefficient in front of the TE contribution is by the factor of 10−8 smaller than in front of the
TM one [149]. Thus, the correction δexplT, l>1FC is again determined by the TM mode of the electromagnetic
field.
By comparing Equations (56), (60), and (61), one concludes that the major contribution to the total
thermal correction (53) at low temperature is given by δexplT, l>1FC, i.e.,
δTFC(a, T) ∼ δexplT, l>1FC(a, T) ∼
(kBT)
3
(h¯c)2
ln
akBT
h¯c
. (62)
Similar to the case of the Casimir-Polder interaction in (49), this correction is negative. The respective
Casimir entropy per unit area of graphene sheet
SC(a, T) = −∂δTFC(a, T)∂T ∼ −kB
(
kBT
h¯c
)2
ln
akBT
h¯c
(63)
is positive and goes to zero with vanishing temperature. Thus, the Lifshitz theory of the Casimir
interaction between two pristine graphene sheets is thermodynamically consistent if the electromagnetic
response of graphene is described by the polarization tensor.
In Table 2, the asymptotic results (62) and (63) obtained for a pristine graphene are included in
column 2 (lines 2 and 3, respectively).
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Table 2. Up to an order of magnitude asymptotic behaviors at arbitrarily low temperature of the thermal
corrections to the Casimir energy (line 2) and of the Casimir entropy (line 3) under different relationships
between the energy gap ∆ and chemical potential µ (line 1).
∆ = µ = 0 ∆ > 2µ > 0 ∆ = 2µ 6= 0 0 6 ∆ < 2µ
δTFC(a, T) (kBT)
3
(h¯c)2
ln akBTh¯c − (kBT)
5
(h¯c)2∆2
− kBT
a2
− a(4µ2−∆2)(kBT)2
(h¯c)3
SC(a, T) −kB
(
kBT
h¯c
)2
ln akBTh¯c
kB(kBT)
4
(h¯c)2∆2
kB
a2
a(4µ2−∆2)k2BT
(h¯c)3
8. Low-Temperature Behavior of the Casimir-Polder Free Energy and Entropy for an Atom and a
Graphene Sheet Possessing the Energy Gap and Chemical Potential
Now we consider the free energy for an atom interacting with real graphene sheet characterized by
some values of ∆ and µ. In this case one should use the full expressions (27)–(30) for the polarization
tensor valid for any ∆ and µ. Moreover, in this case, depending on the relationship between the values
of ∆ and 2µ, the quantities Π(1)00,l and Π
(1)
l may not have a meaning of the thermal corrections to the
polarization tensor at zero temperature. Below we present the results obtained in the literature [150] and
consider one more case which was not investigated so far.
We start with graphene possessing a relatively small chemical potential satisfying the condition ∆ >
2µ. This case is somewhat similar to that of a pristine graphene because the quantities Π(0)00,l and Π
(0)
l
defined in (28) have the meaning of the polarization tensor components at T = 0
Π
(0)
00,l = Π00(iξl , k⊥, 0,∆), Π
(0)
l = Π(iξl , k⊥, 0,∆), (64)
whereas the quantities Π(0)00,l and Π
(0)
l defined in (30) are the thermal corrections to them
Π
(1)
00,l = δTΠ00(iξl, k⊥, T,∆, µ), Π
(1)
l = δTΠ(iξl , k⊥, T,∆, µ). (65)
In accordance with this, under the condition ∆ > 2µ the polarization tensor at T = 0 does not depend on
µ, the quantities (65) defined in (28) do not vanish, and the perturbation theory in the parameters (35) is
applicable.
The thermal correction to the Casimir-Polder energy at T = 0 is again presented by
Equations (41)–(43) as a sum of the implicit and explicit contributions. The low-temperature behavior of
an implicit contribution is found using the Abel-Plana formula (45) under an assumption ∆/(h¯ωc) > 1,
which is applicable at sufficiently large atom-graphene separations. The result is (see [150] for details)
δ
impl
T FCP(a, T) ∼ −
α0(kBT)
5
(h¯c)3∆
. (66)
From this equation it is seen that δimplT FCP for a real graphene sheet vanishes with temperature faster
than the respective result (46) obtained for a pristine graphene.
The explicit contribution to the thermal correction in (41) is given by (43) and is again presented as
the sum of two parts (44). Under the conditions ∆ > 2µ, kBT ≪ ∆− 2µ, and ∆/(h¯ωc) > 1 the first part is
estimated as [150]
δ
expl
T, l=0FCP(a, T) ∼ −
α0(kBT)
2
a2h¯c
e
− ∆−2µ2kBT . (67)
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Under the same conditions, the low-temperature behavior of the second part of explicit thermal
correction is given by [150]
δ
expl
T, l>1FCP(a, T) ∼ −
α0kBT
a3
e
− ∆−2µ2kBT . (68)
As a result, for a real graphene sheet with ∆ > 2µ the total thermal correction to the Casimir-Polder
energy decreases with T by the following law:
δTFCP(a, T) ∼ δimplT FCP(a, T) ∼ −
α0(kBT)
5
(h¯c)3∆
. (69)
The respective Casimir-Polder entropy behaves as
SCP(a, T) ∼ α0kB(kBT)
4
(h¯c)3∆
(70)
and goes to zero with vanishing temperature in accordance to the Nernst heat theorem.
The asymptotic results (69) and (70) for graphene with ∆ > 2µ are obtained using the expansions in
three small parameters
4πkBTa
h¯c
≪ 1, h¯vF
2a∆
≪ 1, e−
∆−2µ
2kBT ≪ 1. (71)
These results are included in column 3 of Table 1 (lines 2 and 3, respectively).
As shown in [150], the results obtained for the case ∆ > 2µ can be analytically continued for
graphene with ∆ = 2µ. Because of this, Equations (66)– (68) are also applicable in this case leading,
however, to quite a different conclusion. Although (66) remains unchanged for ∆ = 2µ, Equations (67)
and (68) reduce to
δ
expl
T, l=0FCP(a, T) ∼ −
α0(kBT)
2
a2h¯c
, δexplT, l>1FCP(a, T) ∼ −
α0kBT
a3
. (72)
Thus, for graphene with ∆ = 2µ the leading behavior of the thermal correction at low T is given not by
(66), but by the second equation in (72):
δTFCP(a, T) ∼ δexplT, l>1FCP(a, T) ∼ −
α0kBT
a3
. (73)
The respective Casimir-Polder entropy
SCP(a, T) ∼ α0kB
a3
(74)
does not vanish at zero temperature and depends on the parameters of a system which means a violation
of the Nernst heat theorem. The physical meaning of this violation is discussed in Section 10.
The results for graphene with ∆ = 2µ were obtained using the asymptotic expansions in only the
first two small parameters indicated in (71). In Table 1, these results are included in column 4 (lines 2 and
3, respectively).
We note that Equations (66)– (70) are applicable to graphene with any chemical potential satisfying
the condition ∆ > 2µ and, specifically, for graphene with µ = 0. In so doing the energy gap ∆ is not equal
to zero. As to Equations (72)– (74), they are valid for graphene with ∆ = 2µ 6= 0 because the condition
∆ 6= 0 was assumed in the derivation of the low-temperature behavior. Hence, the limiting transition to
the case of a pristine graphene in these equations is impossible.
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The last case to consider is the Casimir-Polder interaction between an atom and doped graphene
sheet with relatively large chemical potential satisfying the condition ∆ < 2µ. This case is the most
complicated because the quantities Π(0)00,l and Π
(0)
l in (28) are no longer the components of the polarization
tensor at T = 0 [the latter depend on µ and are defined in Equation (31)]. In a similar way, the quantities
Π
(1)
00,l and Π
(1)
l in (30) are no longer the thermal corrections to them.
The thermal correction δimplT FCP can be calculated by using its definition (42) where the reflection
coefficients are defined by (33) taken at T = 0 and expressed via the polarization tensor (31) depending
on µ
r
(0)
TM(iξl , k⊥) =
qlΠ00,l(k⊥, 0,∆, µ)
qlΠ00,l(k⊥, 0,∆, µ) + 2h¯k2⊥
,
r
(0)
TE (iξl, k⊥) = −
Πl(k⊥, 0,∆, µ)
Πl(k⊥, 0,∆, µ) + 2h¯k2⊥ql
. (75)
Then, the low-temperature behavior of δimplT FCP can be found by using the Abel-Plana formula (45) under
the conditions
√
4µ2 − ∆2 > h¯ωc, which is valid at sufficiently large atom-graphene separations, and
kBT ≪ h¯ωc. The result is (see [150] for details)
δ
impl
T FCP(a, T) ∼ −
α0µ
2(kBT)
2
(h¯c)2a
√
4µ2 − ∆2 . (76)
The explicit thermal correction to the Casimir-Polder energy is given by (43), where the thermal
correction to the reflection coefficient δTrTM can be obtained in the first order of the parameter
δTΠ00,l(k⊥, T,∆, µ)
Π00,l(k⊥, 0,∆, µ)
≪ 1. (77)
Here, in accordance to (31), Π00,l(k⊥, 0,∆, µ) 6= 0 at any l. Substituting (36) in the first equation of (33),
one obtains
δTrTM(iξl , k⊥) =
2h¯qlk2⊥δTΠ00,l(k⊥, T,∆, µ)[
qlΠ00,l(k⊥, 0,∆, µ) + 2h¯k2⊥
]2 , (78)
where
δTΠ00,l(k⊥, T,∆, µ) ≡ Π(1)00,l(k⊥, T,∆, µ)−Π
(1)
00,l(k⊥, 0,∆, µ) (79)
and Π(1)00,l is defined in (30).
For finding δexplT, l=0FCP(a, T), there is no need in δTrTE(0, k⊥) because in accordance to (43) it does
not contribute to this part of the thermal correction. As a result, under the conditions kBT ≪ h¯ωc and
∆ > h¯ωc the asymptotic behavior of our interest takes the form [150]
δ
expl
T, l=0FCP(a, T) ∼
α0kBT
a3
e
− 2µ−∆2kBT . (80)
The part of the thermal correction δexplT, l>1FCP, in accordance to (43), depends on both δTrTM and
δTrTE. By coincidence, just for l > 1 it holds Πl(k⊥, 0,∆, µ) 6= 0 and the perturbation theory in the small
parameter
δTΠl(k⊥, T,∆, µ)
Πl(k⊥, 0,∆, µ)
≪ 1 (81)
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is applicable, where, similar to (79),
δTΠl(k⊥, T,∆, µ) ≡ Π(1)l (k⊥, T,∆, µ)−Π
(1)
l (k⊥, 0,∆, µ) (82)
and Π(1)l is defined in (30).
Substituting (36) in the second equality in (33), we have
δTrTE(iξl , k⊥) = −
2h¯qlk2⊥δTΠl(k⊥, T,∆, µ)[
Πl(k⊥, 0,∆, µ) + 2h¯qlk2⊥
]2 . (83)
Note that for l = 0 one has Π0(k⊥, 0,∆, µ) = 0 and the perturbation theory in the parameter (81) becomes
inapplicable. This case, however, is irrelevant to the Casimir-Polder interaction due to the factor ξ20 = 0 in
front of δTrTE(0, k⊥) in (43) but is of importance for two doped graphene sheets considered in Section 9.
Using the formulas outlined above, the low-temperature behavior of the last contribution to the
thermal correction can be found under the conditions kBT ≪ 2µ− ∆,
√
4µ2 − ∆2 > h¯ωc and ∆ > h¯ωc
with the result [150]
δ
expl
T, l>1FCP(a, T) ∼
α0h¯c
a4
e
− 2µ−∆2kBT . (84)
By comparing Equations (76), (80), and (84), one concludes that the low-temperature behavior of the
total thermal correction to the Casimir-Polder energy for an atom and graphene with ∆ < 2µ is given by
δTFCP(a, T) ∼ δimplT FCP(a, T) ∼ −
α0µ
2(kBT)
2
(h¯c)2a
√
4µ2 − ∆2 . (85)
The respective Casimir-Polder entropy at low temperature behaves as
SCP(a, T) ∼
α0µ
2k2BT
(h¯c)2a
√
4µ2 − ∆2 , (86)
i.e., vanishes when t goes to zero in accordance to the Nernst heat theorem.
Equations (85) and (86) were obtained by using the first two small parameters presented in (71),
whereas the third one was replaced with
e
− 2µ−∆2kBT ≪ 1. (87)
The asymptotic results (85) and (86) valid for ∆ < 2µ (including ∆ = 0, see below) are presented in
column 5 of Table 1 (lines 2 and 3, respectively).
In the end of this section, we consider the interaction of an atom and graphene with ∆ < 2µ in the
limiting case of ∆ = 0. This case was not investigated in the literature so far because Equations (80) and
(84) were derived [150] under a condition ∆ > h¯ωc.
From the first formula of (31) we have
Π00,0(k⊥, 0, 0, µ) ≈ 8αcµ
v2F
≡ Q0 . (88)
Then, from Equations (78) and (83), one finds
δTrTM(0, k⊥) ≈
2h¯k⊥δTΠ00,0(k⊥, T, 0, µ)
Q20
, δTrTE(0, k⊥) ≈ − δTΠ0(k⊥, T, 0, µ)2h¯k3⊥
. (89)
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Here, δTΠ00,0(k⊥, T, 0, µ) and δTΠ0(k⊥, T, 0, µ) are defined by Equations (79) and (82), respectively, with
l = 0 and ∆ = 0.
Using these definitions, we obtain
δTΠ00,0(k⊥, T, 0, µ) ≈
απk⊥ h¯c
vF
e
− µkBT , δTΠ0(k⊥, T, 0, µ) ≈
απvFk
3
⊥ h¯
c
e
− µkBT . (90)
Substituting these expressions to the term of Equation (43) with l = 0 and integrating with respect to k⊥,
one arrives at
δ
expl
T, l=0FCP(a, T) ∼ −
α0kBT
a3
e
− µkBT . (91)
From the comparison with (80), it is seen that, although this thermal correction has the same functional
form as (80) obtained for ∆ > h¯ωc, it has the opposite sign.
Next, we substitute Equations (75), (78), (79), (82), and (83) in the sum of all terms of (43) with l > 1.
In this case the integration with respect of k⊥ and a summation with respect to l result in
δ
expl
T, l>1FCP(a, T) ∼ −
α0h¯c
a4
e
− µkBT . (92)
This is the same functional dependence on T as in Equation (84) obtained for ∆ > h¯ωc, but again of
the opposite sign. The results (91) and (92) are quite expected because for ∆ < 2µ the low-temperature
dependence of the thermal correction δexplT FCP is mostly determined by the chemical potential.
The implicit thermal correction δimplT FCP in the case µ 6= 0, ∆ = 0 is given by (76) because the
condition ∆ > h¯ωc was not used in the derivation of this equation. By comparing Equations (76), (91),
and (92), we conclude that in the case µ 6= 0, ∆ = 0 the low-temperature behavior of the total thermal
correction to the Casimir-Polder energy is given by
δTFCP(a, T) ∼ δimplT FCP(a, T) ∼ −
α0µ(kBT)
2
(h¯c)2a
. (93)
The respective Casimir-Polder entropy
SCP(a, T) ∼
α0µk
2
BT
(h¯c)2a
(94)
vanishes with vanishing temperature, i.e., the Nernst heat theorem is satisfied.
9. Low-Temperature Behavior of the Casimir-Polder Free Energy and Entropy for Two Graphene
Sheets Possessing the Energy Gap and Chemical Potential
In this section, we consider the same configuration as in Section 7, i.e., two parallel graphene sheets,
but assume that they are characterized by some values of ∆ and µ. The Casimir free energy per unit
area of the graphene sheets is given by Equation (2), the reflection coefficients are expressed by (33), and
the explicit expressions for the polarization tensor entering (33) are presented in (27)–(30). A behavior of
the Casimir free energy at low T is derived along the same lines as in Sections 7 and 8. Specifically, the
asymptotic expansions are made using the small parameters presented in Equations (71) and (87). For
this reason, below we concentrate only on the main results and consider one new case.
As usual, we start from graphene satisfying the condition ∆ > 2µ. Under this condition the
quantities Π(0)00,l and Π
(0)
l in (28) have themeaning of the polarization tensor components at T = 0whereas
Π
(1)
00,l and Π
(1)
l in (30) are the thermal corrections to them. The thermal correction to the Casimir energy
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is defined in (51) and (52). It is again presented as a sum of the implicit and explicit contributions in
(53)–(55).
The low-temperature behavior of the implicit contribution is found under the condition ∆ > h¯ωc. It
is determined by the TE mode of the electromagnetic field and is given by (see [151] for details)
δ
impl
T FC(a, T) ∼ −
(kBT)
5
(h¯c)2∆2
. (95)
This is a different behavior from a pristine graphene where the result in (56) is determined by the TM
mode.
To calculate the explicit thermal correction one can again use the identity (57) and in the first
perturbation order in δTrλ represent δ
expl
T FC(a, T) by Equation (58). Then this correction is presented
in (59) as a sum of the term of (58) with l = 0 and of all other terms of (58) with l > 1. It should be taken
into account, however, that we can restrict ourselves by the first perturbation order only in the case when
r
(0)
λ 6= 0. This is just the case of a pristine graphene considered in Section 7 and for a real graphene sheets
with ∆ > 2µ under consideration now. As for graphene with ∆ < 2µ where r(0)TE (0, k⊥) = 0, the special
care is needed in that case (see below).
Using the term of (58) with l = 0, under the condition kBT ≪ ∆− 2µ it was obtained (see [151] for
details)
δ
expl
T, l=0FC(a, T) ∼ −
(kBT)
2
a2∆
e
− ∆−2µ2kBT . (96)
This result is determined by the contribution of the TM mode.
The behavior of the sum of all terms of (58) with l > 1 at low temperature was found under the
conditions ∆ > h¯ωc, kBT ≪ ∆− 2µ. The result determined by the TM mode is the following [151]:
δ
expl
T, l>1FC(a, T) ∼ −
kBT
a2
e
− ∆−2µ2kBT . (97)
Comparing Equations (95)–(97), one concludes that for two parallel graphene sheets satisfying the
condition ∆ > 2µ the behavior of the total thermal correction to the Casimir energy is given by
δTFC(a, T) ∼ δimplT FC(a, T) ∼ −
(kBT)
5
(h¯c)2∆2
. (98)
The respective Casimir entropy
SC(a, T) ∼ kB(kBT)
4
(h¯c)2∆2
(99)
goes to zero when T goes to zero in accordance to the Nernst heat theorem.
The asymptotic behaviors (98) and (99) obtained for the case ∆ > 2µ are presented in column 3 of
Table 2 (lines 2 and 3, respectively).
Similar to the Casimir-Polder interaction, considered in Section 8, the configuration of two parallel
graphene sheets with ∆ = 2µ can be considered as the limiting case of two sheets with ∆ > 2µ. As a
result, Equation (95) remains valid and Equations (96) and (97) are replaced with
δ
expl
T, l=0FC(a, T) ∼ −
(kBT)
2
a2∆
, δexplT, l>1FC(a, T) ∼ −
kBT
a2
. (100)
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Comparing Equations (95) and (100), we conclude that for two graphene sheets with ∆ = 2µ the
total thermal correction to the Casimir energy behaves at low T as
δTFC(a, T) ∼ δexplT FC(a, T) ∼ −
kBT
a2
(101)
and is determined by the TM mode in an explicit contribution.
The respective Casimir entropy
SC(a, T) ∼ kB
a2
(102)
does not vanish at T = 0 and, thus, violates the Nernst heat theorem (see the next section for a discussion
of this result).
The asymptotic behaviors (101) and (102) valid for ∆ = 2µ are included in column 4 of Table 2 (lines
2 and 3, respectively).
We also note that, similar to Section 8, Equations (95)–(99) are applicable in the case µ = 0, whereas
Equations (100)–(102) are valid only for ∆ = 2µ 6= 0.
The last remaining case is two graphene sheets with ∆ < 2µ. Here, the implicit thermal correction is
defined in (54) where the reflection coefficients are given in (75). The low-temperature behavior of δimplT FC
is found under the conditions
√
4µ2 − ∆2 > h¯ωc and kBT ≪ h¯ωc by using the Abel-Plana formula (45)
with the following result determined by the TE mode [151]:
δ
impl
T FC(a, T) ∼ −
a(4µ2 − ∆2)(kBT)2
(h¯c)3
. (103)
This result is evidently inapplicable at µ = 0, but ∆ = 0 is allowed.
The contribution of the TM mode to δexplT, l=0FC can be calculated using (58) because
Π00,0(k⊥, 0,∆, µ) 6= 0 and, as a consequence, r(0)TM(0, k⊥) 6= 0. Then, under the conditions
√
4µ2 − ∆2 >
h¯ωc, ∆ > h¯ωc, and kBT ≪ 2µ− ∆ the behavior of δexplT, l=0FC(a, T) is found by substituting Equations (78)
and (79) in (58) with the result (see [151] for details)
δ
expl
T, l=0FC,TM(a, T) ∼
h¯c∆kBT
a3µ2
e
− 2µ−∆2kBT . (104)
In order to find the low-temperature behavior of δexplT, l=0FC,TE, one should refuse from using the
perturbation expansion in the parameter δTΠ0/Π0(k⊥, 0,∆, µ) and consider the term of (55) with l = 0
taking into account that r(0)TE (0, k⊥) = 0 and, thus, rTE(0, k⊥) = δTrTE(0, k⊥):
δ
expl
T, l=0FC,TE(a, T) =
kBT
4π
∫ ∞
0
k⊥dk⊥ ln
{
1− [δTrTE(0, k⊥)]2 e−2ak⊥
}
≈ − kBT
4π
∫ ∞
0
k⊥dk⊥ [δTrTE(0, k⊥)]
2 e−2ak⊥ . (105)
The low-temperature behavior of (105) was found in [151]. It was shown that it is much smaller in
magnitude than δexplT, l=0FC,TM and, thus, the behavior of δ
expl
T, l=0FC is given by Equation (104).
The last quantity contributing to the thermal correction is δexplT, l>1FC. For l > 1 we have
Π00,l(k⊥, 0,∆, µ) 6= 0 and Πl(k⊥, 0,∆, µ) 6= 0, so that this quantity at low T can be estimated using the
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sum of terms in Equation (58) with l > 1. It was shown [151] that, depending on the values of parameters,
the TM and TE modes can give the same order contributions to δexplT, l>1FC which are the following:
δ
expl
T, l>1FC(a, T) ∼
(h¯c)2
a4
(
∆
αµ2
+
α2h¯c
√
4µ2 − ∆2
a∆3
)
e
− 2µ−∆2kBT . (106)
Here, we have also included the dimensionless fine structure constant α because, in contrast to all the
above expressions, it cannot be separated as a common factor.
From the comparison of Equations (103), (104), and (106), it is seen that in the case ∆ < 2µ the total
thermal correction to the Casimir energy behaves at low T as
δTFC(a, T) ∼ δimplT FC(a, T) ∼ −
a(4µ2 − ∆2)(kBT)2
(h¯c)3
. (107)
This leads to the following low-temperature behavior of the Casimir entropy:
SC(a, T) ∼
a(4µ2 − ∆2)k2BT
(h¯c)3
. (108)
With vanishing T, the Casimir entropy vanishes in accordance with the Nernst heat theorem.
The asymptotic behaviors (107) and (108) applicable at ∆ < 2µ (including ∆ = 0, see below) are
presented in column 5 of Table 2 (lines 2 and 3, respectively).
To conclude this section, we consider the low-temperature behavior of the thermal correction to the
Casimir energy for the case µ 6= 0, ∆ = 0 which was not considered in the literature up to the present. As
to Equation (103) for the implicit contribution to the thermal correction, it remains valid in the case ∆ = 0
because the condition ∆ > h¯ωc was not used in its derivation. Because of this, below we concentrate on
the explicit contribution to the thermal correction.
We start with the part δexplT, l=0F of this contribution. When considering the TM mode, one can use
the term with l = 0 in the perturbative Equation (58). Here, the reflection coefficient r(0)TM(0, k⊥) ≈ 1.
This result follows from the first formula in (75) taken at ξ0 = 0 and (88) under the condition 2µ > h¯ωc.
The thermal correction to the reflection coefficient δTrTM(0, k⊥), also entering (58), is given by the first
formulas in (89) and (90). Substituting these in the term of (58) with l = 0, one obtains
δ
expl
T, l=0FC,TM(a, T) ∼ −
(h¯c)2kBT
a4µ2
e
− µkBT . (109)
In order to find the behavior of δexplT, l=0FC,TE at low T, one should use Equation (105) where δTrTE is
defined in the second formulas of (89) and (90). In this way, the factor of exp[−2µ/(kBT)] is obtained, i.e.,
an additional exponentially small multiple as compared to (109). This means that Equation (109) in fact
describes a behavior of the full contribution δexplT, l=0FC(a, T) to the thermal correction at low T.
It remains to consider the contribution δexplT, l>1FC to the thermal correction. This can be done in the
same way as in Section 8. As in all cases considered above, a summation over all nonzero Matsubara
frequencies adds the factor 1/τ to the low-temperature behavior of δexplT, l=0FC. As a result one obtains
δ
expl
T, l>1FC(a, T) ∼ −
(h¯c)3
a5µ2
e
− µkBT . (110)
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From Equations (103), (109), and (110) we conclude that the total thermal correction to the Casimir
energy of two graphene sheets with µ 6= 0 and ∆ = 0 is given by
δTFC(a, T) ∼ δimplT FC(a, T) ∼ −
aµ2(kBT)
2
(h¯c)3
. (111)
The respective Casimir entropy
SC(a, T) ∼
aµ2k2BT
(h¯c)3
(112)
goes to zero with vanishing T as is demanded by the Nernst heat theorem.
10. Discussion: How Graphene May Point the Way to Resolution of Thermodynamic Problems in the
Lifshitz Theory
As is seen from the foregoing, the Lifshitz theory of the Casimir-Polder interaction of an atomwith a
pristine graphene sheet and the Casimir interaction between two sheets of pristine graphene is consistent
with the requirements of thermodynamics. This is apparent from the fact that the Casimir-Polder and
Casimir entropies go to zero with vanishing temperature in accordance with the Nernst heat theorem
if the dielectric response of a pristine graphene is described on the basis of first principles of thermal
quantum field theory by means of the polarization tensor.
A comparison between the case of a graphene sheet and a metallic plate raises several questions.
As mentioned in Section 1 and discussed in Section 3, the Lifshitz theory of the Casimir interaction
between two metallic plates with perfect crystal lattices violates the Nernst heat theorem if the dielectric
response of a metal takes into account the relaxation properties of free electrons. An agreement
with thermodynamics is restored if the dissipation properties of conduction electrons are omitted in
calculations. Graphene can be considered as a conductor because its electrical conductivity remains
nonzero at zero temperature [50–52], and the polarization tensor results in a complex effective dielectric
permittivity of graphene taking the relaxation properties into account. Nevertheless, for a pristine
graphene sheets, the Lifshitz theory is consistent with the Nernst heat theorem andwith the measurement
data, which is not the case when the same theory is applied to the Casimir interaction between two
metallic plates taking the proper account of the relaxation properties of free electrons.
For real graphene sheets possessing some nonzero energy gap ∆ and chemical potential µ the
situation is largely the same. According to the results presented above, the Lifshitz theory of both the
Casimir-Polder and Casimir interactions involving real graphene sheets with ∆ > 2µ or ∆ < 2µ satisfies
the Nernst heat theorem. For real graphene the Nernst heat theorem is violated in the only case of an
exact equality ∆ = 2µ (see Sections 8 and 9). In this case both the Casimir-Polder and Casimir entropies
at zero temperature take nonzero values depending on the parameters of a system. One should note,
however, that the values of ∆ and µ for a specific graphene sample cannot be known exactly. Thus, from
the practical standpoint, the case of graphene sheets with an exact equality ∆ = 2µ should be considered
as a singular one and physically unrealizable. It is interesting to note also that the real part of electrical
conductivity of graphene as a function of frequency undergoes a qualitative change when the conditions
∆ > 2µ and ∆ < 2µ substitute for one another [116].
It should be also noted that the polarization tensor considered above in Section 5 is obtained without
external magnetic field and leads to magnetic permeability of graphene equal to unity. An actual
graphene sheet, however, exhibits diamagnetism [50,51], i.e., its magnetic permeability is slightly less
than unity. Although for both metallic and dielectric materials it was already demonstrated that an
account of magnetic properties has no effect on the satisfaction or violation of the Nernst heat theorem
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[37,46,49], which are determined entirely by the dielectric permittivity, for graphene this question was
not considered so far and deserves further attention.
Thus, with this reservation, one can argue that for both ideal (pristine) and real (gapped and
doped) graphene sheets described by the polarization tensor the Lifshitz theory of the Casimir-Polder
and Casimir interactions is thermodynamically consistent in all physically realizable cases. The question
arises why there are so significant differences in application of the Lifshitz theory to graphene, on the one
hand, and to ordinary metals and dielectrics, on the other hand.
It was hypothesized [151] that this problem has roots stretching back to the electrodynamics of solids.
As mentioned in Section 3, a response of metals to the low-frequency electromagnetic fields is usually
described by the dissipative Drude model. Although it is impossible to derive this model starting from
the first principles of thermal quantum field theory, it does have a great number of confirmations in the
areas of both electrical and optical phenomena involving electromagnetic fields on the mass shell. In
order to calculate the Casimir force, however, it is necessary to know the response function to both the
propagating waves (on the mass shell) and to the evanescent ones (off the mass shell). In the latter case,
there are no direct experimental evidences in favor of the Drude model and some doubts are cast upon
its validity. As to graphene, its response function is derived on the basis of first principles of thermal
quantum field theory. It is equally applicable to describe the dielectric response of graphene to both
propagating and evanescent fields. This may explain why the Lifshitz theory leads to contradictions with
the Nernst heat theorem for metals described by the Drude model, but is thermodynamically consistent
for graphene systems.
In such a manner graphene may point the way for resolution of the problem in Casimir physics
which is often called the Casimir puzzle or the Casimir conundrum.
11. Conclusions
To summarize, we can say that the Lifshitz theory provides a reliable foundation for a theoretical
description of the Casimir-Polder and Casimir interactions. Being originally formulated for the case of
material semispaces described by the frequency-dependent dielectric permittivities, it is now generalized
for any configurations with the known reflectivity properties including graphene.
An important conclusion is that the Lifshitz theory of the Casimir-Polder and Casimir interactions
in graphene systems is consistent with the requirements of thermodynamics in all physically realizable
cases if the dielectric response of graphene is described on the basis of first principles of thermal quantum
field theory using the polarization tensor in (2+1)-dimensional space-time.
It should be pointed out that the derivation of the polarization tensor at any temperature not
only provided a full theoretical description of the electromagnetic response of graphene, but has also
stimulated development of other approaches using the density-density correlation functions and the
electrical conductivities of graphene as basic quantities.
One more conclusion is that the thermodynamic properties of the Casimir and Casimir-Polder
interactions in graphene systems reviewed and derived above provide the basis for a resolution of
outstanding problems in the Casimir physics, which remain unresolved for the last twenty years and
are detrimental for its further development and applications.
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